Analytic
Trigonometry

8.1 Trigonometric Identities and Their
Verification

8.2 The Addition and Subtraction Formulas

8.3 Double-Angle and Half-Angle Formulas

8.4 The Product=Sum Formulas

8.5 Trigonometric Equations

Much of the language and terminology of algebra carries over to trigonometry. For exam-
ple, we have seen that algebraic expressions involve variables, constants, and algebraic
operations. Trigonometric expressions involve these same elements but also permit
trigonometric functions of variables and constants. They also allow algebraic operations
upon these trigonometric functions. Thus,

1—cos x

ec? x

x1sinx sinx1tanx

are all examples of trigopnometric expressions.

The distinction between an identity and an equation also carries over to trigonometry.
Thus, a trigonometric identity is true for all values that may be assumed by the variable, but
a trigonometric equation is true only for certain values of the variable, called solutions. (Note
that the solutions of a trigonometric equation may be expressed as real numbers or as
angles.) As usual, the set of all solutions of a trigopnometric equation is called the solution set.
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8.1 Trigonometric Identities and Their Verification

Fundamental Identities

In Section 7.3, we established the identity

sin®t+ cos®t=1 (1)

If cos t # 0, we may divide both sides of Equation (1) by cos?  to obtain

sin?t cos?t 1

cos’t cos®’t cos’t
or

tan?t+ 1 =sec?t )

Similarly, if sin ¢ # 0, dividing Equation (1) by sin? ¢ yields

sin2t cos?t 1

sin?t  sin’t sin?t
or

cot? t+ 1 =csc?t 3)

Observe that tan # and sec ¢ are undefined for exactly those values of # for which
cos ¢t = 0. Similarly, cot ¢ and csc ¢ are undefined for those values of ¢ for which
sin ¢ = 0. It follows that Equations (2) and (3) are also identities. These identi-
ties, together with those discussed in Section 7.4, are called the fundamental
identities. We summarize them in Table 1.

The fundamental identities can be used to simplify trigonometric expres-
sions as well as to verify trigonometric identities. The purpose of including this
topic is to present additional techniques that may be helpful in these situations.
Such manipulations may enable us to see relationships that would otherwise be
obscured.

The preferred method of verifying an identity is to transform one side of
the equation into the other. Although we will use this method whenever prac-
tical, we recognize that it is also acceptable to transform each side independ-

ently, with the hope of arriving at the same expression and then showing that
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the process can be reversed. This is often the technique used when both sides
of the equation involve complicated expressions.

Unfortunately, we cannot present a specific set of steps that will “always
work” to transform one side into the other. In fact, there are often many ways
to handle a given identity. We will, however, demonstrate different techniques
that we have found to be of value. We list the following suggestions on how to
proceed, with examples to follow.

TABLE 1 Fundamental Identities

sin ¢
tant =
cos t
cos t
cott = —
sin £
1 .
csct=—— sint= 1
sin ¢ -
csc t
sect= 1 cost= 1
cos t sec t
cott= 1 tant = 1
tan t cot t
sin?t + cos?t =1 sin?t =1 — cos? t
cos?t=1—sin®t
tan? ¢+ 1 = sec? ¢ tan>t =sec’t — 1
cot?t + 1 =csc?t cot>’t =csc?t — 1

1. Factoring may help to simplify an expression.

2. [Itis often helpful to write all of the trigonometric functions in terms

of sine and cosine.

3. Consider beginning with the more complicated expression and per-

form some of the indicated operations.

4. If you have the ratio of two trigonometric functions, it may be worth-
while to multiply both numerator and denominator by some trigono-
metric expression to obtain forms such as 1 — sin? 8, 1 — cos? 0, or

sec’ O — 1, which can be further simplified.

EXAMPLE 1 USING TRIGONOMETRIC IDENTITIES

Simplify the expression sin? x + sin? x tan? x.
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SOLUTION
We begin by noting that sin? x appears in both terms, which suggests that we
factor.
sin? x + sin? x tan® x = sin” x (1 + tan? x) Factoring
= sin? x sec? x 1 + tan? x = sec x
- ( 1 ) 1
= sin? x 3 sec x =
cos? x cos x
5 sin x
= tan’ x =tan x
cos x
v’ Progress Check
Simplify the expression _cseh
Pty P 1+ cot? 6’

Answers
sin 0

EXAMPLE 2 VERIFYING AN IDENTITY
Verify the identity

. ., 1 —sina
sin o —sin2 @ = ————
csc o
SOLUTION
sin o0 — sin® o0 = sin o (1 — sin o)
_1—sina
csc o
v’ Progress Check
Verify the identity
2y — 1
Y - 1 —sin y
1 —siny

EXAMPLE 3 VERIFYING AN IDENTITY

Verify the identity cos x tan x csc x = 1.

SOLUTION

sin x 1
COS X tan X €SC X = COS X -
cos x / \sin x

=1
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v’ Progress Check
Verify the identity sin x sec x = tan x.

EXAMPLE 4 VERIFYING AN IDENTITY
Verify the identity

1 1
1 —-sinx 1+sinx

=2 sect x

SOLUTION

We begin with the left~hand side, combining fractions.

1 1 1+sinx+1—sinx

+ =
1—-sinx 1+sinx (1 —sinx)(1l+ sinx)

2 2

Zx  costx

1 — sin

=2sec?x

v’ Progress Check
Verify the identity cos x + tan x sin x = sec x.

EXAMPLE 5 VERIFYING AN IDENTITY

Verify the identity
cos 0

m =secO +tan O
SOLUTION

To obtain the expression 1 — sin? 0 in the denominator, we multiply numerator
and denominator by 1 + sin 6.

cos® cos 0 1+ sin®
1—sin® 1—-sin®/\1+ sin®
cos O (1 +sin®)
1 —sin?0

cos (1 +sin®)
cos?

~1+sin®
cos 0

1 sin 0
cosB cosO

=gsecO +tan 6
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v’ Progress Check
Verify the identity
1+ cost N sin ¢
sin ¢ 1+ cost

=2csct

EXAMPLE 6 VERIFYING AN IDENTITY
Verify the identity

cot u — tan u ) 5

—————— =csc?u — sec’ u
sin # cos u

SOLUTION

We transform both sides of the equation by writing all trigonometric functions

in terms of sine and cosine. For the left-hand side, we have

cos u ) sin u

cotu — tan u sinu  cosu

sin # cos u sin u# cos u
cos? u — sin? u
sin? u cos? u

and for the right-hand side, we have

1 1

csc?u — sec? u = —— 5
sinfu  cos®u

cos? u — sin? u

2 2

sin” u cos”* u

We have successfully transformed both sides of the equation into the same

expression. Since all the steps are reversible, we have verified the identity.

v’ Progress Check
Verify the identity
sinx + cosx  cos’x
tan? x — 1 sin X — cos x
Exercise Set 8.1
1+ si
In Exercises 1-46, verify each of the identities. 3. secv+tany= — Y
cos v
1. cscy —cosycoty = siny 4. cos® + tan O sin O = sec O

2. cotx secx = CSC x 5. sin oL sec 0. = tan o
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. secP —cosP =sinP tan B 31. cos (—t) csc (—t) = —cot ¢
. 3 —sec?x =2 —tan’> x 32. sin (—0)sec (—0) = —tan 0
1—2sin2t=2cos?t— 1 33‘wzcscx
1 + tan x
Y _ tany + cot
——= =tan co
tan y y Y 34, sec u 1

) secu—1 1 —cosu
sin x + cos x

cos x =1l+tanx 35 1 +tanx _ secx
. 1+ cotx cscx
sinu  cosu _
- 1+ sinu
cscu - secu 36. (tanu + sec u)? = —————
) 1 —sinu
tan” o 1
————— =seco — 1—si
sin ¢
1+ seca 37. ————— = (sect — tan t)?
) 1 +sint
sec’® — 1 in2 0
seczg m 38. 2csc2@ —csc*® =1 —cot* 0
. . 2
. sin* x + 2 sin* x cos®> x + cos* x =1 39 Sin” w = tan? w

cot* w + cos? w sin? w

. COsY + cosytan’y = sec Y )
sin g + tan 2

40. ———— =tanz
1 .
—————————— =cosusinu 1+ cosz
tan # + cot u
41 secy —cscy tany —1
sec w sin w . : -
WY sin2w secy tcscy tany +1
tan w + cot w
42 cotx —1 cscx
. (1 —cos?B)(1 +cot?B) =1 "1 —tanx  secx
. (sin o + cos a)? + (sin o — cos )2 = 2 43 tany —siny  sin’y
1 + tan? u tan vy 1+ cosy
———— =tan’u 4 Ca .
cscz u 44, cos*u — sin* u = cos?> u — sin* u
4
secv + 1 csc x csC x
. sectv+costy= —— 45. - = 2sec?x
sec? v 1+cscx 1 —cscx
. sin?® — tan?® = —tan? O sin? O 46. sin®0 + cos’® = (1 —sin O cos O)(sin O +
sin? o cos 0)
——=1—cosa
1+ cosa

In Exercises 47-52, show that each of the equations

is not an identity by finding a value of the variable

COS.t _1—sint for which the equation is not true.
1 +sint cos t
. _ 5
sin B 1+ cos B 47. sinx = \/1 — cos” x
+ - =2cscB
1+ cosf sin B 48. tanx = Vsec? x — 1
2
cos” 0 . .
Lesct® - ——— = 49. (sin t + cos t)? = sin? t + cos? ¢
sin” 6
cos? u ' 50. sin® + cos® =secH + csc O
1 —sinn =1+sinu
sin 51. Vcos® x = cos x
coty .
————— =sin y cos 2 =
1+ coty y y 52. Vcot®x = cotx
1+ tan’ x

= csc? x

tan? x
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8.2 The Addition and Subtraction Formulas

The identities that we verified in the examples and exercises of Section 8.1
were, in general, of no special significance. We were primarily interested in
demonstrating manipulation with the fundamental identities. There are, how-
ever, many trigonometric identities that are indeed of importance. These iden-
tities are called trigonometric formulas.

Our objective in this section is to develop the addition formulas for sin
(s + t), cos (s + t), and tan (s + t), as well as the subtraction formulas for
sin (s — t), cos (s — t), and tan (s — 7).

We begin with the derivation of cos (s — ). For convenience, assume
that s, t, and s — ¢ are all positive and less than 2n. Let P, = P(s), O, = P(t),
and P, = P(s — t) be the points on the unit circle determined by s, ¢, and s —
t, respectively, as shown in Figure 1. Then O,P,0,P, = s, @1 = ¢, and
O,P, = s — t. From Section 7.3, we know that the coordinates of P,, O,,
and P, are P, = P(cos s, sin s), Q, = P(cos t, sin ¢), and P, = P(cos (s — t),
sin (s — ). Since the length of the arcs QPl and @2 are both equal (length
of s — t), the length of the chords O,P, and O,P, are also equal. By the dis-
tance formula, we have

P, = 0,P,

V(cos s — cos t)*> + (sins — sin £)> = V]cos (s — ) — 1]> + [sin (s — £) — O

Squaring both sides and rearranging terms, we have

sin? s + cos? s + sin®t + cos*t — 2 cosscost — 2sinssint =
sin? (s —t) +cos?(s—t)—2cos(s—1t)+1

P,(cos (s — 1), sin (s — 1))
Q,(cos t, sin t) 5

P,(cos s, sin )

FIGURE 1 The Derivation of cos (s — t)
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Since sin? s + cos? s = 1, sin? t + cos> t = 1 and sin? (s — ¢) + cos? (s — ¢)
=1, we have

2—2cosscost—2sinssint=2—2cos(s—1)

Solving for cos (s — ¢) yields the formula

COS (S — t) = c0s sCcos t+ sin ssin t 1)

Graphing Calculator Power User’s Corner 8.2

| Verifying the Addition and Subtraction Formulas with the Calculator

The graphing calculator cannot take the place of algebraic manipulation in
analytic trigonometry; however, it is a handy tool for testing potential val-
ues quickly. In this case we will examine cos (s — ) = cos s cos ¢ + sin s sin
t. Let’s assign s the value of n/3 and let ¢ = x for the sake of the calculator.

Press the Y= button and enter Y =cos(n/3—x) and Y,=cos(n/3)cos(x)+
sin(r/3)sin(x). Graph these two equations in the trig viewing window.
Repeat the procedure with s = /4, s = /6, and s = 7n/6. What do you
notice?

We obtain the formula for cos (s + ¢#) by writing
s+t=s—(-1t)

Therefore
cos (s + ) = cos (s — (—1))
= COS s Cos (—t) + sin s sin (—1)
Since cos (—t) = cos t and sin (—#) = — sin #,

COS (S + ) = cos scos t— sin ssin t )

EXAMPLE 1 USING THE SUBTRACTION FORMULA
Find cos 15° without using tables or a calculator.

SOLUTION

Since 15° = 45° — 30°, we may use the formula for cos (s — ¢) to obtain

cos 15° = cos (45° — 30°)
= cos 45° cos 30° + sin 45° sin 30°

V2 V3 V21
T2 2 T
_Ve+ Va2

4
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v’ Progress Check
Solve Example 1 using 15° = 60° — 45°.

EXAMPLE 2 USING THE ADDITION FORMULA

. 5
Find the exact value of cos %

SOLUTION
We note that 3% =322 + 32 = Z + I Then

cos om_ cos (E + E)
12 6 4

T e .M. T
= CO0S — COs — — sIn — sIn —
6 4 6 4

_V3 V2 1 V2

2 2 2 2

V6 -\V2
B 4

v Progress Check
Solve Example 2 using the identity 3% = 3% — 2L,

We may now establish the following relationships:

T .
cos|——t)=sint
(2 )
. I
nl——t|= t
SI(2 ) oS
o
tan|— —t) = cot t
(2 )

Cofunctions

As we stated in Section 7.2, Equations (6)—(11), sine and cosine are
cofunctions, as are tangent and cotangent, and secant and cosecant.
(Compare Equations (6), (7), and (8) of Section 7.2 with Equations (3),

(4), and (5) above.)
Using the subtraction formula for cosine, we have

<n t) T £+ si T . ;
cos (— — t| = cos — cos sin — sin
2 2 2

=0-cost+1sint

=sin ¢
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which establishes the identity in Equation (3). Replacing # with 5 — ¢ in this
identity yields
cos [E - (1 - t)] sin (1 - t)
2 2 2

t i (Tr t)
COS Sin (— —
2

which establishes the identity in Equation (4). The third identity follows
from the definition of tangent and from Equations (3) and (4).

sin (E - t)
(11' ) 2 cos t
tan|(— — ¢t | = = — =cott
2 P sin ¢
cos |5 t

We will now prove the identity in Equation (6). (We leave the proof of
Equation (7) as an exercise.)

sin (s + t) = sin scos t + cos ssin f (6)
sin (s — t) = sin scos t — ¢os ssin f (7)

From Equation (3),

sin (s + t) = cos [g— (s + t)]

el

cos (n s) cos t + sin <n s) sin ¢
= — - in|—— 1
2 2

=sin s cos ¢ + cos s sin ¢

We conclude with the proof of the identity in Equation (8). (We leave
the proof of Equation (9) as an exercise.)

fan (s + 1) = tan s + tan ¢ ®)
1 —tanstant
fan (s — f) = tans —tan ¢ )

1+ tanstant
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sin (s + t)

tan (s + ¢
( ) cos (s + t)

sin s cos t + cos s sin ¢

COS $ COS ¢t — sin s sin ¢

(sins cost) +(coss sint)
COss cost COSS cost

(cos s cos t) ( sins sint )
Ccoss cost Ccoss cost

tan s + tan ¢

1 —tanstant

EXAMPLE 3 APPLYING THE ADDITION FORMULA

. 3
Show that sin <x + %) = —Cos X.

SOLUTION
sin <x +3l> =sin x cos?it + cos x sin?ic
2 2 2
= (sin x) 0 + (cos x)(—1)
= —Cos X
v’ Progress Check

Verify that tan (x — ©t) = tan x.

EXAMPLE 4 USING THE ADDITION FORMULA

Given sin oo = —2, with o an angle in quadrant III, and cos p = —, with B
an angle in quadrant II, use the addition formula to find sin (o0 + ) and the
quadrant in which o + B lies.

SOLUTION
The addition formula
sin (o0 + ) =sin o cos B + cos o sin B
requires that we know sin o, cos o, sin 8, and cos B. Using the fundamen-

tal identity sin? o + cos? o = 1, we have

16 9
2o =1—-sin2a=1-—=
COoSs™ o sin” o o5 o5
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Taking the square root of both sides, we must have cos 0. = —2 since o is in
quadrant III. Similarly,
25 144
2B =1 — cos2B =1 — =2 = =
sin® cos* B 169 ~ 169

Taking the square root of both sides, we must have sin B = 12 since B is in

e R

20 36 16

T 65 65 65

quadrant II. Thus,

Since sin (o« + B ) is negative, o + B lies in either quadrant IIT or
quadrant IV. However, the sum of an angle that lies in quadrant III
and an angle that lies in quadrant II cannot lie in quadrant III. Thus,
o + B lies in quadrant IV.

v’ Progress Check

Given cos oo = —3%, with o in quadrant III, and cos B = 2,
with B in quadrant I, find cos (o — B) and the quadrant in
which o« — B lies.

Answers

—22, quadrant II

Focus on Computing Sine and Cosine

10 LET 81 = 0.01745 We can make use of the trigonometric formulas to generate a table of sine and cosine val-
20 LET C1 =0.99985 ues. Suppose we have determined that
30 PRINT “DEGREES”, o R
“SIN”, “CO8” sin 1° = 0.01745 cos 1° = 0.99985 1
40 PRINT “1”, S1, C1 We can then write
50 LET S2 =S1 ) , )
60 LET G2 = C1 sin (1° + o) = sin1° cos a0 + cos 1° sin o
70 FORI=2TO90 cos (1° + o) = cos 1° cos o — sin 1°sin o
80 LET S3=8S2 . )
90 LET 82 = Substituting for sin 1° and cos 1° from (1),
(81 * CR) + sin (1° + o) = 0.01745 cos o + 0.99985 sin o 2
(C1 *8R)
100 LET CR = cos (1° + o) = 0.99985 cos oo — 0.01745 sin o 3)
Egi . g;) - Now, if we let oo = 1°, (2) and (3) can be used to calculate sin 2° and cos 2°. We can then
110 PRINTI, 82, C2 repeat the process with oo = 2° to calculate sin 3° and cos 3°, and so on. We have pro-
120 NEXT I vided a program in BASIC that will calculate sine and cosine values from 2° to 90° in incre-
130 END ments of 1°.
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Exercise Set 8.2

In Exercises 1-6, show that the given equation is not 31. Iftan © = 3 and angle 0 lies in quadrant III,
an identity. (Hint: For each equation, find values of find tan (8 + 7).

s and ¢ for which the equation is not true.
v au ue:) 32. If sec ® =2 and angle 8 lies in quadrant I,

1. cos (s —t)=coss —cost find sin (6 + %).

2. sin(s+¢)=sins+sint 33. If cos t = 0.4, with ¢ in quadrant IV,

3. sin(s—¢t)=sins —sint find tan (¢ + ).

4. cos (s + 1) = cos s + cos t 34. If sec oo = 1.2 and angle o lies in quadrant IV,

find tan (o0 — m).
S. tan (s +¢) =tans + tan ¢
35. If sins = 2 and cos t = —12, with s in quadrant

6. tan (s —f) =tans —tan? II and ¢ in quadrant III, find sin (s + 2).

In Exercises 7-22, use the addition and subtraction

formulas to find exact values 36. If sins = —¢ and csc ¢ = £, with s in quadrant
IV and ¢ in quadrant II, find cos (s — #).
7. cos (* + E) 8. sin (E - E)
’ 6 4 ’ 6 4 37. Ifcos oo = & and tan B = —2, with angle o in
quadrant I and angle B in quadrant II, find tan
9 sin(£+£) 10 cos(£—£> (0 + B)
' 4 3 ’ 3 4 )
_5 _15 . .
11. cos (30° + 180°) 12. tan (60° + 300°) 38. If sec o = 3 and cot B § with angle o 1.n
quadrant IV and angle B in quadrant I, find
13. tan (300° — 60°) 14. sin (270° — 45°) can (o — B).
11 11 i — i
15, sin T (Hint; i _m 3l) ?n Ex.e.rc1ses 39-54, prove each of the folllowmg
12 12 6 4 identities by transforming the left-hand side of the
. 7 <H. t 7r m . n) equation into the expression on the right-hand side.
. tan —— |Hint: — = — + —
M\ T a7 s 39. sin 200 = 2 sin ot cos o
7 7 40. cos 2t = cos®t — sin® ¢t
17. cos a (Hint: m_om E)
12 2 6 4 2 tan o
‘ 41, tan2a = 0
18. tan 75° (Hint: 75° = 135° — 60°) 1 — tan’a
7 5 42. sin (x + y) sin (x — y) = sin? x — sin?
19. sin?n 20. cos ?n { ) { ) Y
43. cos (x — y) cos (x + y) = cos® x cos? y — sin? x
21. tan 15° 22. tan 165° sin y
in (s + +
In Exercises 23-28, write the given expression in 44. sin (s +7) _tans + tan

. sin(sft)itansftant
terms of cofunctions of complementary angles.

23. sin 47° 24. cos 78° 45. csc <t + g) =sect
T
25. tang 26. tan 84° 46. tan (o0 + 90°) = —cot o
b4 1+ tan x
27. cos 28. sin 72°30” 47. tan (x + Z) “ 1 —tnx
29. If sin t = —32, with ¢ in quadrant III, 48. csc(t —m) = —csc f
find sin (3 — t). 1+t tan ¢
LI 49. cot(s —#) = — 2L

. . tans — tan ¢
30. If cos t = —+3, with ¢ in quadrant II,

find sin (¢ — 7). 50. cot (u +v)= cotucoty — 1

cotu + cotv



Chapter 8 = Analytic Trigonometry m

S51. sin(s +¢) +sin(s — ) =2sinscost cos (x + h) — cos x
54. A = Ccos x
52. cos (s +t)+cos(s—1t)=2cosscost
cosh —1 . sin b

sin (x + h) — sin x . b T smx b

53. = sin x
b
(cos/o—l)+ (sinh)
0 cos x b

8.3 Double-Angle and Half-Angle Formulas

Double-Angle Formulas

Our initial objective in this section is to derive expressions for sin 2¢, cos 2t,
and tan 2¢ in terms of trigonometric functions of ¢. We will establish the fol-
lowing double-angle formulas.

sin 2t = 2 sin t cos t 1)

c0s 2t = cos?t — sin?t @)
_ 2ftant

tan 2t = —— ©)

To establish Equation (1), we rewrite 2¢ as (¢ + #) and use the addition

formula. . '
sin 2t = sin (¢t + t)

=sin ¢ cost + cos tsin ¢
=2sin ¢ cost

We proceed in the same manner to prove Equation (2).

cos 2t = cos (t + 1)
=costcost—sintsint
=cos?t —sin’t

Using the addition formula for the tangent function yields a proof of

Equation (3).
q ) tan 2t = tan (¢ + t)

_ tant +tant
1 —tanttant

_ 2tant
1 — tan?t

EXAMPLE 1 USING THE DOUBLE-ANGLE FORMULAS

If cos t = —2 and P(t) is in quadrant I, evaluate sin 2¢ and cos 2¢. In which
quadrant does P(2¢) lie?
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SOLUTION
We first find sin ¢ by use of the fundamental identity sin? ¢ + cos? ¢ = 1.
Thus, 9
in*¢t+_— =1
sin 25
16
f2p = 29
sin- ¢ 25

Since P(¢) is in quadrant II, sin ¢ must be positive. Therefore,

sin t = 4
5
Applying the double-angle formulas with cos t = —2 and sin ¢ = 2, we have
4\( 3 24
in 2t = 2 sin £ cos ¢ = 2(~ —)=——
sin sin  cos (5)< 5 o
9 16 7
2 —coslt—sinlfe — — 2= 1
cos 2t = cos? ¢ —sint = o — 5

Since sin 2¢ and cos 2¢ are both negative, we conclude that P(2t) lies in
quadrant III.

v’ Progress Check

If sin ® = 5 and 0 is in quadrant I, evaluate sin 26 and tan

20.
Answers

. 120 120
sin 20 = 169,tan 20 = 119

EXAMPLE 2 USING THE ADDITION AND DOUBLE-ANGLE FORMULAS

Express sin 3¢ in terms of sin ¢ and cos ¢.

SOLUTION
We write 3t as (2t + ¢). Then

sin 3t = sin (2t + t)
= sin 2¢ cos t + cos 2t sin ¢
= 2sin t cos t cos t + (cos? ¢t — sin? ) sin ¢
= 2 sin t cos® t + sin £ cos? t — sin’ ¢

=3 sintcos?t —sin’ ¢t



Chapter 8 = Analytic Trigonometry m

v’ Progress Check
Express cos 3t in terms of sin # and cos .

Answers
cos 3t = cos> t — 3 sin? £ cos ¢

If we begin with the formula for cos 2¢ and use the fundamental identi-
ty cos’ t = 1 — sin? £, we obtain
cos 2t = cos® t — sin* t
= (1 —sin?t) — sin® ¢
=1-2sin’t
Similarly, replacing sin? ¢ by 1 — cos? ¢ yields
cos 2t = cos® t — sin® t
=cos’t — (1 — cos? t)
=2cos?t—1

We then have two additional formulas for cos 2t.

cos2t =1 —2sin?t (4)
cos 2t = 2 cos®t — 1 ()

EXAMPLE 3 DOUBLE-ANGLE FORMULAS IN VERIFYING AN IDENTITY
Verify the identity

1 — cos 20
———————— =tan o
2 sin ot cos o

SOLUTION

Substituting cos 200 = 1 — 2 sin? o, we have
1—cos200 1—(1-2sin’a)
2 sin o cos o 2 sin o cos o

_ 2sin’a
2 sin o cos o

_sino

COos &

=tan o
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v’ Progress Check
Verify the identity

1 + cos 26 — cot 6
sin 20
WARNING
#* 2 Note that
sin 21 #sin ¢t
2

From Equation (1),

sin 2t  2sintcost

= sin f cos t

Half-Angle Formulas

If we begin with the alternative forms for cos 2¢ given in Equations (4) and
(5), we can obtain the following expressions for sin’> ¢ and cos? t. The
expressions are often used in calculus.

1 — cos 2t
sin2t = L ocoset 6)
2
1 + cos 2t
cos? t = % 7

We will use the identities in Equations (6) and (7) to derive formulas for sin
5, cos 5 ,and tan 5. Substituting s = 2¢ into Equations (6) and (7), we obtain

5 S 1 —coss

Sln2 = 5

) S 1 —coss
cos*— = ———
2 2

Replacing s with ¢ and solving, we have

_ 1 — cost
— = +
sm2 _\/ > 8
t 1+ cost
— = 9
cos \/ 5 ©)




Chapter 8 = Analytic Trigonometry 547

The appropriate sign to use in Equations (8) and (9) depends on the quad-
rant in which P(}) is located. Thus, sin 5 is positive if P(3) lies in quadrant
I or II. Similarly, we choose the positive root for cos 5 in Equation (9) if P(%)
lies in quadrant I or IV.

Using the identity

sin —

COS

t 1/1 — Cost
.
tan 2  — V14 cost (10)

Formulas (8), (9), and (10) are known as the half-angle formulas.

we obtain

EXAMPLE 4 APPLYING THE HALF-ANGLE FORMULAS
Find the exact values of sin 22.5° and cos 112.5°.

SOLUTION 450
Applying the half-angle formulas with 22.5° = o s we have

o

sin 22.5° = sin 475

_ 41 — cos45° \/1_\42
2 2

V2 - V2

2

Note that we choose the positive square root since 22.5° is in the first quad-
rant and the sine function is positive in the first quadrant. Similarly,

225°

cos 122.5° = cos

__ /1 + cos225°
2

=_\/1—cos45°=_ 2
2 2

V2 - V2

2
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The negative square root was selected since 112.5° is in the second quadrant
and the cosine function is negative in quadrant IL.

v’ Progress Check
Use the half-angle formulas to evaluate tan 3F.

Answers

V2 +1

EXAMPLE 5 APPLYING THE HALF-ANGLE FORMULAS

If sin ® = —2 and 0 is in quadrant III, evaluate cos &.

SOLUTION
We first evaluate cos 0 by using the identity

9 16
2 = — qin2 = _—_— = —
cos?® =1—-sin*0 =1 % = o5

Since 0 is in quadrant III, cos 6 is negative. Thus, cos 8 = —2. We can now
q g 5

0 1+ cos ©
=+\—
2 2
4
1_,
+ 5
2
0

employ the half-angle formula

(@}
Q
7
\
|

V10

=+
1
Since 180° < 0 < 270°, we see that 90° < $ < 135°. Thus, { is in quadrant
IT and cos § is negative. We conclude that

0 V10

€0s3= "o

v’ Progress Check

If tan o = 7 and o is in quadrant III, evaluate tan §.

Answers
-3



Exercise Set 8.3

In Exercises 1-12, use the given conditions to deter-

mine the value of the specified trigonometric func-

tion.

1.

10.

11.
12.

If sin # = 2 and P(u) is in quadrant II,

find cos 2u.

If cos x = —+3 and P(x) is in quadrant III,
find sin 2x.

. If seco. = =2 and a is in quadrant II,

find sin 20..

If tan ® = % and @ is in quadrant I,
find cos 26.

. Ifesc t = =¥ and P(#) is in quadrant IV,

find tan 2z.

If cot B = 2 and B is in quadrant III,
find cot 2.

If sin 20, = —2 and 20 is in quadrant IV,
find sin 4o.
If sec 5x = —13 and P(5x) is in quadrant III,

find tan 10x.
0 _ 8 05 ;
If cos 3 = 17 and 5 is acute, find cos 6.

If csc £ = =2 and P(%) is in quadrant IV,

find cos 5.
If sin 42° = 0.67, find cos 84°.
If cos 77° = 0.22, find cos 154°.

In Exercises 13-18, use the half-angle formulas to

find exact values for each of the following.

13.

15.

17.

sin 15° 14. cos 75°
5

tang 16. sec ?Tc

7

165° 18. cot —

csc co o

In Exercises 19-26, use the given conditions to

determine the exact value of the specified trigono-

metric function.

19.

If sin® = —2 and @ is in quadrant IV,
find cos 3.

21.

22.

23.

24.

25.

26.
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. If cos ® =2 and 0 is in quadrant I,
find sin .
If sec + = —3 and P(¢) is in quadrant II,
find sin 3.

If tan x = % and P(x) is in quadrant III,
find cos 3.

If cot B

=2 and B is in quadrant III,
find tan 8.

If csc o = 2 and o is in quadrant I,

find tan §.

If cos 4x = % and P(4x) is in quadrant IV,
find cos 2x.

If sec 600 = —3 and o is in quadrant III,

find sin 3o

In Exercises 27-46, verify the identity.

27.
28.

29.

30.
31.
32.

33.

34.

35.

36.

37.

38.

39.

40.

sin 50x = 2 sin 25x cos 25x

(sin ® + cos ©)2 =1 + sin 20

2 coty
tan 2y = v y—2

2sin®>2t +cos4t =1
sin 400 = 4 sin o cos® o0 — 4 sin® o0 cos o,

cos4 B =1— 8sin? P cos’ B

1 —tan? u
cos2u = ————7—

1+ tan? u

2 tan 0
in20 = ————
s 1+ tan? 0
.t i_sint
sin > cos 5 = ——

Yy _ _

tan2 =cscy —coty

in o ot ¢ t ¢
S — COS an — = tan —
2 2

1 — cos2

1-cos2p tan® B

1 + cos 2

cos* x — sin* x = cos 2x

sin 2t cos 2t

X =sect
sin ¢ cos 't
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2 tan o t sin ¢
S _ 46. tans = 0L
41. T+t a sin 2 o anz 1+ cost
+ si . .
42, cos?E = fan x T sin x In Exercises 47-50, find the requested value.
2 2 tan x
43. sec 2t = sec’ ¢ 47. sin (2 arccos §> 48. cos <2 sin~! §)
) 2 — sectt 5 5

44, cos 2t + cot 2t = cot 2t (sin t + cos t)? 5 12

49. tan |2 arcsin — 50. cos |2 arctan —

t 1 —cost 13 5

45. tan- = ———
2 sin ¢

8.4 The Product-Sum Formulas

The objective of this section is to derive formulas that can transform sums

of sines and cosines into products of sines and cosines, and vice versa. We

use the word “sum” in a more general way to include the word “differ-

ence,” since subtraction can be thought of as adding a negative quantity.
The following formulas express a product as a sum.

sin (s + 1) + sin (s — 1)

sin scos t = 1
5 (1)
) sin(s+t)—sin(s— 1)
cos ssin t = @)
2
cos (s + ) + cos (s — 1)
C0S SCOS t = 3)
2
coS (s — ) —cos (s + [
Product-Sum sinssin t= ( ) Rl @)
Formulas 2

To prove the identity in Equation (1), we begin with the right-hand side of the
equation.

sin (s +¢) +sin(s—¢) _ (sinscost+ cosssint) + (sinscost — cosssin t)
2 2

2 sin s cos t
2

=sin s cos ¢

The proofs of the identities in Equations (2), (3), and (4) are very similar.
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Graphing Calculator Power User’s Corner 8.4

Verifying the Product-Sum Formulas with the Calculator

As was mentioned in section 8.2, the graphing calculator cannot take the

~ place of algebraic manipulation in analytic trigonometry. In this section, how-
ever, we will use it to look at sin s cos ¢. Let s = n/6 and ¢ = x for the pur-
poses of the calculator and enter the left side of the formula into Y, and the
right hand side into Y,. Be sure to enclose the numerator of the fraction in a
set of parentheses. Graph these two equations in the trig viewing window and
look for points of intersection. Repeat the procedure with various values of s.
How could you extend this approach to the other product-sum formulas?

EXAMPLE 1 APPLYING THE PRODUCT-SUM FORMULAS
Express sin 4x cos 3x as a sum or a difference.

SOLUTION
Applying Equation (1), we obtain

. sin (4x + 3x) + sin (4x — 3x)
sin 4x cos x = 2

_sin 7x + sin x
2

v’ Progress Check
Express sin 5x sin 2x as a sum or as a difference.

Answers
1(cos 3x — cos 7x)

EXAMPLE 2 APPLYING THE PRODUCT-SUM FORMULAS
Evaluate the product cos > cos 3F by a product-sum formula.

SOLUTION
Using Equation (3), we have

cossf7t cos?it 1 [cos (5—n + 3—“) + cos (5l - ?it)]
8 8 2 8 8 8 8

- ! [cos T + cos E]
2 4

1[_1+\/§]:\f2—2

2 2 4
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v’ Progress Check

Evaluate cos § sin § by a product-sum formula.

Answers
1

4

The following formulas express a sum as a product.

s+tCOSs—2t )

sin s+ sin t= 2 sin

s+t . s—1t
sin

sin s — sin t = 2 cos 6
i i 5 5 (6)

S+t s—t

CoS

CoS S+ cost= 2co 7
S S > 5 (7)

coss—costz—Zsin%tsinS;t )

To prove the identity in Equation (5), we begin with the right-hand side and
apply Equation (1). Then

5 gin S 1 s-t_, 1[.(s+t+s—t)+.<s+t_s—t)]
sin —— cos —— =2 47 Isin|— 3 sin | — 5

=sins + sin ¢

This establishes Equation (5). The other identities are established in a simi-
lar fashion.

EXAMPLE 3 APPLYING THE PRODUCT-SUM FORMULAS
Express sin Sx — sin 3x as a product.

SOLUTION
Using Equation (6), we have

) ) Sx+3x . 5x—3
sin 5x — sin 3x = 2 cos X xsm X X

2 2

= 2 cos 4x sin x

v’ Progress Check
Express cos 6x + cos 2x as a product.

Answers
2 cos 4x cos 2x
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EXAMPLE 4 APPLYING THE PRODUCT-SUM FORMULAS
Evaluate cos 3% — cos % using a product-sum-formula.

SOLUTION
Using Equation (8), we have
cos5i - cos£ = —2sin r sin r
12 12 4 6

2 )2
v’ Progress Check
Evaluate
. Un . 5n
Sin 12 sin 12

using a product-sum formula.

Answers
_N2
2
Exercise Set 8.4
In Exercises 1-8, express each product as a sum or 15. cos 28 + cos 66 16. sin So. — sin 7a
difference. X 3x
17. sin (o0 +B) +sin (o0 —B) 18. cos = — cos —
1. 2 sin S0 cos o 2. —3 cos 6x sin 2x 2 2
3. sin 3x sin (—2x) 4. cos 7t cos (—3t) 19. sin 7x — sin 3x 20. cos 56 + cos 360
S —2 cos 26 cos 58 6. sin 50 sin 9 In Exercises 21-24, evaluate each sum by using a
2 2

product-sum formula.

. + — .—sin 2 4
7. cos (a +B)cos (@ —B) 8.=sin 2u cos 4u 21. cos 75° + cos 15° 22. sin on + sinl

12 12
In Exercises 912, evaluate each product by using a 31 T 131 51
product-sum formula. 23. cos 7 sy 24. sin T T
T . 5w b b
9. cos FEary 10. cos 3% In Exercises 25-34, verify the identities.
25. sin 40° + sin 20° = cos 10°
13 11
11. sin 120° cos 60° 12. sin =% sin =T
12 12 26. cos 70° — cos 10° = —sin 40°
In Exercises 13-20, express each sum or difference sin 50 — sin 360
27. —————————=cot 40
as a product. cos 36 — cos 50
13. sin Sx + sin x 14. cos 8t — cos 2t 2g. 98 7x —cosx _ —tan 3x

sin 7x + sin x
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29.

30.

31.

32.

33.

sin £ — sin s s+t 34. cos 6x cos 2x + sin? 4x = cos? 2x
—— = —cot
cost = coss 2 35. Express sin ax cos bx as a sum.
sin s + sin ¢ s+t
= tan 36. Express cos ax cos bx as a sum.
cos s + cos t 2
sin 50° — sin 10° 5 37. Prove .the product-sum formulas given in
cos 50° — cos 10° Equations (2), (3), and (4).
2sin (@ + %) sin (0 — %) = —cos 20 38. Prove the product-sum formulas given in
Equations (6), (7), and (8).
cot x — tan x
———— = cos 2x

cot x + tan x

8.5 Trigonometric Equations

Thus far, this chapter has dealt exclusively with trigonometric identities. We
now seek to solve trigonometric equations that may be true for some values
of the variable but not for all values.

We have seen that algebraic equations may have just one or two solu-
tions. The situation is quite different with trigonometric equations. Since
trigonometric functions are periodic by nature, if we find one solution, there
must be an infinite number of solutions. To deal with this situation, we first
seek all solutions # such that 0 = ¢ < 2x. Then, for every integer n, ¢ + 21n
is also a solution. The following example illustrates this procedure for find-
ing the solution set.

EXAMPLE 1 SOLVING A TRIGONOMETRIC EQUATION
Find all solutions of the equation cos ¢ = 0.

SOLUTION
The only values in the interval [0, 2rt) for which cos ¢ = 0 are % and 2£. Then
every solution is included among those values of ¢ such that

T 3n .
t= 5 + 2nn or t= - + 2nn, n an integer

Since 2F = I + m, the solution set can be written in a more compact form as

T .
t = 5 + 7n, n an integer

Factoring provides an important technique for solving trigonometric
equations. If we can write the equation in the form P(x)Q(x) = 0, we can
find the solutions by setting P(x) = 0 and Q(x) = 0.
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It may also be helpful to think of substituting a new variable for some
trigonometric expression. Thus, the equation

4sin?x+3sinx —1=0
can be viewed as a quadratic in u
4u’+3u—-1=0

by substituting # = sin x.

Graphing Calculator Power User’s Corner 8.5

Solving Trigonometric Equations

Take a simple equation, such as tan ® = 1. The calculator can help you solve

this easily with a little manipulation. Go to Y= and enter Y ,=tan(x) and
Y

section of the two functions. Generally a problem will ask for all solutions

,= 3. Now graph in the standard trig window and look for points of inter-

within a certain set of x values such as [—m, ©t]. What are the solutions to

this equation?

The same approach can be used for more difficult equations, such as sin 26
—3sin 8 = 0. In this case it would be beneficial to view the equation as sin
20 = 3 sin 6 and enter the left side in Y, and the right side in Y, . Once again
look for the points of intersection.

EXAMPLE 2 RESTRICTING THE SOLUTIONS TO A TRIGONOMETRIC

EQUATION
Find all solutions of the equation 2 cos? t — cos ¢t — 1 = 0 in the interval
[0, 2m).
SOLUTION

Factoring the left side of the equation yields
(2cost+ 1)(cost—1)=0
Setting each factor equal to 0, we have
2cost+1=0 or cost—1=0

so that

1
cost=—§ or cost=1
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The solutions of cos ¢ = —% in the interval [0, 2rt) are ¢t = Z* and ¢ = *X. The
only solution of cos ¢t = 1 in the interval [0, 2x) is ¢ = 0. Thus, the solutions
of the original problem are

27 4
tzi

v’ Progress Check
Find all solutions of the equation 2 sin? ¢ — 3sint + 1 = 0 in
the interval [0, 27).

Answers

n 5S5m T
65 69 2

If the solutions of the trigonometric equation are angles, the answer
may be given in either radians or degrees.

EXAMPLE 3 EXPRESSING SOLUTIONS IN RADIANS AND DEGREES

Find all solutions of the equation tan © cos? & — tan 8 = 0.
SOLUTION
Factoring the left side yields
(tan 0 )(cos>® — 1) =0
Setting each factor equal to 0,
tan® =0 or cos?0 =1
so that
tan 6 = 0, cos 6 =1, or cos 6 = —1
These equations yield the following solutions in the interval [0, 27).

tan0® =0 : 0=0 or 0=m
cos0 =1: 0=0
cos=—-1: 6=n

The solutions of the original equation are
0 =0+ 2mn and 0 =n+ 2nn, n an integer
which can be expressed more compactly as
6 = nn, 7 an integer
In degree measure, the solutions are

6 = 180° n, 7 an integer
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EXAMPLE 4 EXPRESSING RESTRICTED SOLUTIONS IN RADIANS AND
DEGREES
Find all solutions of the equation sin 26 — 3 sin ® = 0 in the interval [0, 27).

SOLUTION
Using the identity sin 26 = 2 sin 6 cos 6, we have

2sinB cos® —3sin® =0
sin® (2cos® —3)=0

sin® =0 or 2cos® —-—3=0
. 3
sin® =0 or cose=§

The equation cos ® =32 has no solutions. The solutions of sin ® = 0 are 6 =
0 and © = m. Therefore, the solutions of the original equation are

06=0 and 0=mn

or, in degree measure,
0 =0° and 6 = 180°

v’ Progress Check
Find all solutions of the equation cos 26 + cos 6 = 0.

Answers

5
g + 2nn, © + 2nn, ?n +2nn or

60° + 360%, 180° + 360%, 300° + 360

Equations involving multiple angles can often be solved by using a sub-
stitution of variable. The following example shows what may occur when
seeking solutions in the interval [0, 27).

EXAMPLE 5 SUBSTITUTION OF A VARIABLE IN TRIGONOMETRIC
EQUATIONS
Find all solutions of the equation cos 3x = 0 in the interval [0, 2x).

SOLUTION

We are given
cos 3x = 0, 0=x<2n

Substituting ¢ = 3x, we obtain

t
cost =0, OS§<27:

or
cost =0, O=t<eén
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Note that we seek solutions of cos ¢ = 0 in the interval [0, 6n) rather than
[0, 27). The solutions are then

2727222227 2
Since x = §, we obtain

n nt 5n 7n 3n 1ln

"6 66020 6

WARNING

* = When you perform a substitution of variable, you must remember to go
back and express the answers in terms of the original variable.

EXAMPLE 6 SUBSTITUTION OF VARIABLE

Find all solutions of the equation

Stan?x +tanx — 1 =0

in the interval [0, w).

SOLUTION
Since the equation does not factor easily, consider # = tan x. Then we obtain
3u+u—-1=0

From the quadratic formula,

-1+V13
u = -
6
so that
-1+V13
tanx = ———
6
Therefore,

tan x = 0.4342586 and tan x = — 0.7675919
in which case
x =~ tan~! 0.4342586 = 0.4096865

and
x =tan~! (—0.7675919) = —0.6546652

Although the first value for x is in the interval [0, &), the second value for x
is not. In fact, this second value is in the interval (= 5,7 ), the range of tan~!
x. Since the period of tan x is 7,

x = —0.6546652 + =

~2.4869275

is also a solution. Observe that this new value for x is in the interval [0, 7).
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Graphing Calculator Power User’s Corner 8.5b

Solving Trigonometric Equations Graphically

_. The ZOOM-IN capability of your graphing calculator enables you to solve

trigonometric equations that cannot be solved algebraically.

EXAMPLE

Find all solutions of the equation sin x = x> — 1.

SOLUTION

A graph in the viewing rectangle —2n = X = 2r and —3 = Y = 3 indicates
that there are two solutions to the equation sin x = x> — 1, as shown in Figure
2(a). TRACEIing to the points of intersection approximates the solutions as
X, =—0.6 and X, = 1.4. To obtain greater accuracy, use the ZOOM BOX
method, as shown in Figures 2(b) and 2(c).

(a) —6.28319 = X = 6.28319 (b) —0.63674 = X = —0.63672
—3=Y=3 —0.59458 = Y = —0.59456
XSCL = 1, YSCL = 1 XSCL = 1,YSCL = 1

|~ —.6367

(©) 140962 = X =< 1.40963
0.98703 =Y = 098705
XSCL = 1,YSCL = 1
X, ~ 1.4096

FIGURE 2 Graphs of y = sinx andy = x> — 1
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Exercise Set 8.5

In Exercises 1-20, find all solutions of the given 29. 4cos?2t—-3=0  30. csc?2x—2=0

equation in the interval [0, 27). Express the answers 31 sin 2+ 2 cost =0 32, sin2f+3cost=0

in both radian measure and degree measure.
33. cos 2t +sint =0

1. 2sin® —1=0 2. 2cos® +1=0
34, 2cos2t+2sint=0
3. cosa+1=0 4. coty+1=0
35. tan’?x —tanx =0
5. 4cos*o =3 6. tan? 0 =3
36. sec’x —3secx+2=0
7. 3tan? o =1 8. 2cosla —1=0
) ) ) 37. 2sin?x +3sinx —2=0
9. 2sin’B =sin B 10. sin o0 = cos o

38. 2cos?x —5cosx —3 =0
11. 2cos?2® —3cos® +1=0

12. 2sin?6 —sin® — 1 =10 In Exercises 39-42, find the approximate solutions

of the given equations in the interval [0, 27) by

13. sin 56 =1 14. tan 3p = - V3 :
using a calculator.

S0y — =
15. 2sin*a0 —3cosa =0 16. csc26 =2 39 Ssinx —sinx—2=0

1
17. 2cos?® — 1 =sin O 18. COSZZ(XZE 40. sec2y — Ssecy +6 =0
19. sin?B +3cosPp —3=0 41. 3tanu+Stanu +1 =10
20. 2cos?® tan® —tan B =0 42. cos’t—2sint+3=0

of the given equation in the interval [0, 27) by
ZOOMING-IN on the point(s) of intersection of
appropriate graphs on your graphing calculator.

In Exercises 21-38, find all the solutions of the = In Exercises 4346, find the approximate solutions
given equation. ‘ ‘

21. 3tan’x —1=0 22. 2sin2y—1=0

20 — 1 = — Y —
23. 3cot?0 —1=0 24. 1 —4cos*t=0 43, cos x = x 44, sin x = cos x

25. sec2u —2=0 26. tan3x —1=0 1 x
45. tanx = 8 — —x? 46. 3cos- =x*—3
27. sin4x =0 28. cos 5t = —1 2 2
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Chapter Summary

Terms and Symbols

addition formulas 536 half-angle formulas 547 trigonometric equations 529
cofunctions 539 identities 529 trigonometric expressions 529
double-angle formulas 543 product-sum formulas 551 trigonometric formulas 536
fundamental identities 530 subtraction formulas 536 trigonometric identities 529

Key Ideas for Review

Topic Page Key Idea
Trigonometric Identity 529 A trigonometric identity is true for all values that may be assumed by the variable.
Fundamental Identities 530  The fundamental identities are trigonometric identities that are directly related

to the definitions of the trigonometric functions.
Verification of Identities 532 The fundamental identities can be used to verify other trigonometric identities.
The techniques frequently used to verify identities include:
1. factoring
2. writing trigonometric functions in terms of sine and cosine

3. performing some of the indicated operations and simplifying complicat-
ed expressions

4. multiplying numerator and denominator of some fraction involving
trigonometric functions by some trigonometric expression to obtain
forms such as 1 — sin? 0, 1 — cos? © or sec> ® — 1, which can be fur-

ther simplified.

Trigonometric Formulas 536  Some of the most useful trigonometric formulas are the following.

Addition Formulas
sin (s + ¢) = sin s cos ¢ + cos s sin ¢
Ccos (s + t) = cos s cos t — sin s sin ¢
tans + tan ¢

tan (s +t) = ————
( ) 1 —tanstan ¢

Double-Angle Formulas
sin 2¢ = 2 sin t cos ¢
cos 2t = cos® ¢ — sin? ¢
2 tan ¢t
1 — tan? ¢

tan 2¢
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Key Ideas for Review

Topic Page KeyIdea

Half-Angle Formulas

Trigonometric Equations 555 Since the trigonometric functions are periodic, a trigonometric equation

has either no solution or an infinite number of solutions.

Restricted Solutions 556  Sometimes the solutions to a trigonometric equation are restricted to a

specific interval.

Review Exercises

Solutions to exercises whose numbers are in blue are in the Solutions section in the back of the book.

In Exercises 1-3, verify the given identity. 13. If sec oo = 2 and o lies in quadrant IV,

] n
1. sin© sec® +tan® = 2 tan O find csc (o + 3).

cos? x . 14. If sin t = —2 and P(#) is in quadrant III,
2. ———— =1 +sinx .
1 —sinx find tan (¢ + 7).
3. sin o+ sin o cot” o = csc o 15. If cos oo = —1% and tan B = —3, with angles o

and B in quadrant II, find tan (o0 + ).
In Exercises 4—7, determine the exact value of the given

expression by using the addition formulas. 16. If sin x = £ and csc y = 33, with P(x) in quadrant
T on IT and P(y) in quadrant I, find cos (x — y).
4. sin (f A 7) 5. cos (45° + 90°)
6 4 17. If csc u = —2 and P(«) is in quadrant IV,
T T X 7T flnd cos 2u.
6. tan §+Z 7. sin
18. Iftan oo = —2 and 0 = o = 180° find sin 20..
In Exercises 8—11, write the given expression in terms 19. If sin 2 = % and P(2t) is in quadrant I,
of cofunctions of complementary angles. il ofim 4
8. csc15° 9. cos 23° 20. Ifsin @ = 0.5 and £ < 6 = = find sin 26.
2
10. sing 11. tan 77r 21. If cos 2 =3 and 6 is acute, find sin 6.

12. Ifcos 6 = —2 and 0 = 8 = 180° find sin (x — 6). 22. Ifsino = —2 and o is in quadrant III, find cos .
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Review Exercises

23. If cot t = —% and P(¢) is in quadrant IV, find tan % .

24. If cos 4x = % and P(4x) is in quadrant IV,
find cos 2x.

25. Find the exact value of cos 15° by using a half-
angle formula.

26. Find the exact value of sin § by using a half-angle
formula.

27. Find the exact value of tan 112.5° by using a half-
angle formula.

In Exercises 28-30, verify the given identity.

28. cos 30x =1 — 2 sin? 15x

1 i 1=
29. —sin 2y = e 30. tan 2= — cos &
2 sec y 2 sin o

31. Express sin % sin  as a sum or difference.

32. Express cos 3x — cos x as a product.

33. Evaluate sin 75° sin 15° by using a product-sum
formula.

Review Test

1. Verify the identity 4 — tan”> x = § — sec? x.

In Exercises 2 and 3, determine exact values of the

given expressions by using the addition formulas.

T L
3. tan (- — =
tan (5 - %)

4. Write sin 47° in terms of its cofunction.

2. cos (270° + 30°)

5. If cos ® = 2 and 8 lies in quadrant IV, find
sin (0 — m).

6. If sin x = —3 and tan y = § with angles x and y

in quadrant III, find tan (x — y).

7. If sin v = —1% and P(v) is in quadrant IV, find
cos 2.
8. If cos 200 = —% and 20 is in quadrant II, find

cos 4.

34. Evaluate cos 3* + cos T by using a product-sum
formula.

In Exercises 35-37, find all solutions of the given equa-
tion in the interval [0, 21t). Express the answers in radi-

an measure.

35. 2cos’oe —1=0

36. 2sin 6 cos® =0

37. sin2t —sint =0

In Exercises 38—40, find all solutions of the given equa-
tion. Express the answers in degree measure.

38. cos’a —2cosa =0

39. tan3x +1 =0

40. 4 sin?2t=3

— In 41.Find the approximate solutions of x sin x = 10
:| — x2in the interval [0, 21) by ZOOMING-IN on the
— points of intersection of appropriate graphs on your

graphing calculator.

9. Ifcsc o = —2 and o is in quadrant III, find cos §.

10. Find the exact value of tan 15° by using a half-
angle formula.

11. Verify the identity

XX X
sin — = 2 sin = cos =
4 8 8

12. Express sin 2x + sin 3x as a product.

13. Express sin 150° — sin 30° by using a product-
sum formula.

14. Find all solutions of the equation 4 sin* o0 = 3 in
the interval [0, 27). Express the answers in radian
measure.

15. Find all solutions of the equation sin?> 6 — cos? 0

= 0 and express the answers in degree measure.








